Fracture saturation and critical thickness in layered materials  by Yin, H.M.
International Journal of Solids and Structures 47 (2010) 1007–1015Contents lists available at ScienceDirect
International Journal of Solids and Structures
journal homepage: www.elsevier .com/locate / i jsols t rFracture saturation and critical thickness in layered materials
H.M. Yin *
Department of Civil Engineering and Engineering Mechanics, Columbia University, 610 Seeley W. Mudd, 500 West 120th Street, New York, NY 10027, USAa r t i c l e i n f o
Article history:
Received 7 August 2009
Received in revised form 15 December 2009
Available online 29 December 2009
Keywords:
Opening-mode fracture
Energy release rate
Layered materials
Thin ﬁlm
Fracture saturation
Periodic cracks0020-7683/$ - see front matter  2009 Elsevier Ltd. A
doi:10.1016/j.ijsolstr.2009.12.016
* Tel.: +1 212 851 1648; fax: +1 212 854 6267.
E-mail address: yin@civil.columbia.edua b s t r a c t
Opening-mode fractures in layered materials are commonly found in a layer with uniform spacing that is
nearly proportional to the thickness of the fractured layer. However, when fracture spacing reduces to a
certain value, fracture density is saturated and no new fracture forms. If a loading condition is ﬁxed, there
exists a critical thickness of the layer, below which no fracture forms. This paper presents a three-layer
model, containing a weak layer between two stronger layers, to interpret the fracture saturation and crit-
ical thickness of layered materials. Using elastic governing equations and a weak form stress boundary
condition, a closed-form solution of elastic ﬁelds in the weak layer is derived and the energy release rate
for opening-mode fracture is obtained. Interestingly, the normal stress between such fractures undergoes
a transition from tensile to compressive with increasing applied tensile loading, which causes fracture
saturation. Explicit expressions of critical fracture-spacing-to-layer-thickness ratio and critical thickness
are derived for fracture saturation and fracture free conditions, respectively. Comparison with the exist-
ing numerical simulation results demonstrates the capability of this model. This explicit, analytical solu-
tion is useful to structural design and geosciences.
 2009 Elsevier Ltd. All rights reserved.1. Introduction
A layered material that is subjected to a tensile stress may fail
by the formation of a series of uniformly distributed opening-mode
fractures in the direction perpendicular to the tensile stress
(Fig. 1(a)). Opening-mode fractures in layered materials have at-
tracted signiﬁcant attentions to engineers and geoscientists. They
have been commonly observed in both natural and engineering
materials and structures, such as sedimentary rocks (Bai and Pol-
lard, 2000b; Bai et al., 2000a,b; Tang et al., 2008), pavements
(Timm et al., 2003; Yin et al., 2007a; Yin, 2010b), surface coatings
(Shevchuk and Silberschmidt, 2005; Yin et al., 2007b), multi-lay-
ered structures and components (Agrawal and Raj, 1989; Hutchin-
son and Suo, 1992; Liang et al., 2003; Feng et al., 2008; Yin et al.,
2008). With increased tensile stress, additional fractures form in
the layer until the saturation spacing is achieved (Agrawal and
Raj, 1989; Hutchinson and Suo, 1992). Experiments and ﬁeld
observations of layered rocks have shown that opening-mode frac-
tures are often conﬁned by layer boundaries with their height
equal to the thickness of the fractured layer and the fracture spac-
ing decreases with the increase of the loading (Bai et al., 2000a).
Stress-transfer theory (Hobbs, 1967) has been often used to
interpret the fracture development in layered materials. In the re-
gion between two adjacent fractures, the stress is transferred from
intact neighboring layers. With the increase of applied stress, thell rights reserved.stress in the center between the two fractures reaches the tensile
strength and a new fracture nucleates. This theory predicts that
when applied stress increases to inﬁnity, the fracture spacing will
decrease to an inﬁnitesimal value. Therefore, fracture saturation
cannot be explained. Bai and his colleagues have conducted a com-
prehensive experimental and numerical investigation, for example,
see Bai and Pollard (2000a,b) and Bai et al. (2000a,b), and found
that the stress-transfer theory does not satisfy the fundamental
equations of equilibrium for an elastic boundary value problem.
Interestingly, from their numerical simulation, it was illustrated
that when the fracture spacing is small, the stress in the center be-
tween two adjacent fractures is no longer tensile but become com-
pressive, which satisfactorily interprets the fracture saturation in
layered materials. Therefore, Bai et al. (2000a) suggested that:
‘‘The stress-transfer theory should be abandoned in future studies of
fracture spacing in layered materials. To completely understand frac-
ture spacing, full solutions that are based on the complete set of gov-
erning equations for the elastic boundary value problems should be
used.”
The elastic ﬁelds due to an opening-mode fracture are often
solved by a two-dimensional (2D) plane strain analysis. Because
a singular point exists at the crack tip, which is located at the inter-
face between the fractured layer and an intact layer, many fracture
studies have focused on the local elastic solution in the neighbor-
hood of that point. Beuth (1992) presented solutions of fully and
partially cracked ﬁlm problems for the ﬁlm/substrate systems.
Beuth and Klingbeil (1996) extended this work to elastic–plastic
substrates by using the simple shear lag model (Hu and Evans,
Fig. 1. Schematic illustration of a three-layer model: (a) a weak layer embedded between two stronger layers with uniformly distributed opening-mode fractures due to
applied tensile loading; (b) the marked section between two fractures; (c) the uniformly strained section; and (d) the section with the ends of the fractured layer compressed
and the ends of the intact layer constrained.
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ﬁeld due to the edge effects. Although local solutions such as these
are useful in the study of fracture propagation, they cannot be di-
rectly used to predict fracture initiation, fracture spacing, or to
study the interaction between fractures. The overall elastic ﬁeld
is essential to provide a complete picture of cracking in layered
materials.
Agrawal and Raj (1989) employed a sine wave function to
approximate the shear stress along the interface. Saif et al.
(1993) adopted the simple shear log model and the 2D ﬁnite ele-
ment method (FEM) to analyze the stress distributions in the
whole overlay. Chen et al. (2000) also obtained the stress distribu-
tion by 2D FEM and demonstrate that Agrawal and Raj’s (1989)
approximation was not reasonable in the vicinity of discontinu-
ities. Xia and Hutchinson (2000) and Shenoy et al. (2001), respec-
tively, proposed an elastic solution in integral forms. Though
numerical methods are a powerful tool to solve the stress and
strain ﬁeld for this problem, because the mechanical response of
layered materials depends upon material properties, interface
properties, and geometry of the material system while the quality
of numerical simulations depends heavily on the quality of numer-
ical algorithms, approximation methods, meshing, discretization
aspects, etc., it is not straightforward to ﬁnd some general princi-
ples from a few numerical simulation models. Therefore, closed-
form analytical solutions are still a valuable tool for researchers
and engineers for fracture analysis, model veriﬁcation and struc-
tural design.
Timm et al. (2003) developed a one-dimensional (1D) closed-
form solution for an elastic strip on a substrate with a frictional
interface, in which the shear stress is balanced by a uniform tensile
stress along the thickness of the strip. Xia and Hutchinson (2000)
also used a 1D solution to study the channeling crack in thin ﬁlms.
However, because the friction forces are driven from the interface,
the tensile stress and the shear stress will signiﬁcantly change
along the thickness. Obviously, a 1D solution cannot describe the
stress distribution varying in the thickness. Therefore, the chal-
lenging problem proposed by Bai et al. (2000a) has not been ana-
lytically, explicitly solved yet.
The purpose of this work is to develop an explicit, analytical
solution for the elastic boundary value problem proposed by Bai
et al. (2000a). A weak, thin layer embedded within two layers ofstronger materials subjected to a uniform tensile deformation is
studied as seen in Fig. 1(a). The three layers are assumed to be fully
bonded even during the formation of the fractures, and thus no
delamination along the interface is considered. The stress transfer-
ring through the interface is based on the method of the interfacial
compliance (see, for example, Suhir, 1986, 1991, 2000). Because
the middle layer is weaker, fractures will initiate and cross the
thickness of this layer. By using the simpliﬁed boundary conditions
(Yin et al., 2008), a closed-form solution for the elastic ﬁelds of the
layer is obtained.
Given a loading condition and geometric conﬁguration of lay-
ered materials, the proposed model predicts the fracture spacing
and fracture saturation. Being consistent with the ﬁeld observation
and numerical simulation (Bai and Pollard, 2000a,b), the fracture
spacing is proportional to the thickness of the fractured layer.
Therefore, the fracture-spacing-to-layer-thickness (FSTLT) ratio is
used in the formulation. Given an external tensile loading condi-
tion, there exists a critical thickness of the fracture layer, below
which no fracture can initiate (Thouless et al., 1992; Zhao et al.,
2002). When the FSTLT ratio decreases to a certain level, increasing
the external tensile loading cannot produce any new fractures and
thus fracture saturation condition is reached (Bai et al., 2000a). The
proposed model provides the analytical expressions for both the
critical thickness for fracture free condition and the critical FSTLT
ratio for fracture saturation condition.
The remainder of this paper is organized as follows. Section 2
presents the general solution of the elastic boundary value prob-
lem in a periodic section between two adjacent fractures and pro-
vides the explicit expressions of the elastic ﬁelds within the
fractured layer. Section 3 emphasizes on the energy release rate
of a new fracture and provides a method to predict the fracture
spacing. Section 4 discusses the applicability and limitation of this
model and shows the performance of this model with stress and
fracture analyses. The critical thickness and the critical FSTLT ratio
are explicitly derived based on the fracture energy criterion.2. Basic formulation
Consider a layered material containing a weak layer (thickness
2h, Young’s modulus E1, Poisson’s ratio v1) fully bonded between
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tio v0) as illustrated in Fig. 1(a). With the increase of the tensile
load (the averaged strain denoted by e0xx), some uniformly distrib-
uted opening-mode fractures form across the thickness of the
weak layer. Based on Bai and Pollard’s (2000a) simulation, if the in-
tact layer is thicker than 1.5 times of the thickness of the fractured
layer, increasing the thickness of the intact layer only produces
very minor effect on the strain ﬁeld within the fractured layer, so
that the three-layer can approximately represent a system with
inﬁnitely thick intact layers at the fracture saturation condition.
In this model, the fractured layer is assumed to be considerably
thinner than the other two layers, such as h ¼ H3 or thinner, so that
the effect of the thickness of the intact layers will not be speciﬁ-
cally investigated.
Using the periodic boundary condition, the elastic ﬁeld in each
section between two adjacent fractures should be the same. A plane
strain formulation will be considered. Disregarding the effect of the
thickness of the intact layers, we can use the highlighted section
to study the elastic ﬁeld in the fractured layer as shown in
Fig. 1(b). The coordinate x is along the middle plane of the frac-
tured layer, the coordinate y is along the central line of the section,
and the length of the section is denoted by 2k. Here the symmetry
along the middle plane in the thickness direction is implied,
namely,
uyðx; 0Þ ¼ 0; ð1Þ
and
syxðx;0Þ ¼ 0: ð2Þ
If the elastic ﬁeld along the half thickness of the fractured layer in
Fig. 1(b) is solved, the elastic ﬁeld in the whole middle layer can
be obtained by the symmetric condition and periodic boundary
condition.
For simplicity, the tensile strain on the ends of each section is
still assumed to be uniform and equal to the overall averaged
strain as e0xx. However, due to the fractures, the stress along the
fractured surface is zero. In addition, the symmetry along y-axis
provides
uxð0; yÞ ¼ 0: ð3Þ
To solve the elastic ﬁeld in the fractured layer (Fig. 1(b)), a stan-
dard representation introduced for analysis purposes employs the
superposition of a uniformly strained section (Fig. 1(c)) with the
‘‘reduced problem” (Fig. 1(d)) wherein the top layer is bonded to
the fractured layer and subjected to a uniform compressive stress
on its ends (Yu et al., 2001). Because the deformation of Fig. 1(c)
is compatible between the two layers, the strain ﬁeld in the ﬁlm
is still uniform as e0xx and stress ﬁeld is written:
r0xx ¼
E1
ð1 v21Þe0xx
: ð4Þ
To assure the equivalence between the original problem in
Fig. 1(b) and the superposition of the two problems in Fig. 1(c)
and (d), the x-directional displacement at the ends of the top layer
in Fig. 1(d) is constrained and a uniform compressive stress r0xx is
applied. Therefore, once the reduced problem in Fig. 1(d) is solved,
the elastic ﬁeld can be obtained. Notice that the thickness of the
top layer can be inﬁnitely large.
Because the tensile load is in the x-direction, and the displace-
ment of the fractured layer in the y-direction is constrained by
two stronger layers, it is assumed that all points of the middle layer
material in a plane normal to the y-direction is still in the same
plane after deformation (Yin et al., 2008), i.e.
uyðx; yÞ ¼ uyðyÞ; ð5Þwhich is consistent with Eq. (1). Therefore, the constitutive relation
can be written
rxx ¼ E1ð1 v1Þð1þ v1Þð1 2v1Þux;x þ
E1v1
ð1þ v1Þð1 2v1Þuy;y; ð6Þ
ryy ¼ E1ð1 v1Þð1þ v1Þð1 2v1Þuy;y þ
E1v1
ð1þ v1Þð1 2v1Þux;x; ð7Þ
and
syx ¼ E12ð1þ v1Þux;y; ð8Þ
where uy;x ¼ 0 is used. The equilibrium equations in the absence of
body force are written as:
rxx;x þ syx;y ¼ 0; ð9Þ
ryy;y þ sxy;x ¼ 0: ð10Þ
The combination of Eqs. (6)–(10) yields
E1ð1 v1Þ
ð1þ v1Þð1 2v1Þux;xx þ
E1
2ð1þ v1Þux;yy ¼ 0; ð11Þ
E1ð1 v1Þ
ð1þ v1Þð1 2v1Þuy;yy þ
E1
2ð1þ v1Þð1 2v1Þux;xy ¼ 0; ð12Þ
where uy;yx ¼ 0 is used. Using Eq. (12), we can write:
E1
2ð1þ v1Þð1 2v1Þ ½2ð1 v1Þuy;yy þ ux;x ¼ FðxÞ: ð13Þ
Because both uy;y and ux;x are symmetric to x-axis, FðxÞ should be an
even function of x. Therefore, Eq. (13) can be rewritten as
ryy þ E12ð1þ v1Þux;x ¼ FðxÞ: ð14Þ
Notice that due to the assumption of Eq. (5), we cannot ﬁnd the ex-
act solution to satisfy the equilibrium equations (11) and (12) at
each point. Therefore, Eq. (14) cannot be satisﬁed at every point.
However, in the sense of approximation, we make the integral of
Eq. (14) over the whole section in Fig. 1(d) to be satisﬁed, namelyZ k
x¼k
Z h
y¼0
ryy þ E12ð1þ v1Þux;x
 
dydx ¼ 2Fkh; ð15Þ
where F is the average of FðxÞ over the whole section. Because there
is no external loading in the y-direction, the integral of stress ryy in
the fractured layer is zero. Eq. (15) can be simpliﬁed as
F ¼ E1A
4ð1þ v1Þkh ; ð16Þ
where A denotes the fracture opening area in Fig. 1(a) for one frac-
ture or the area of the two fractured ends swept due to the loading
in Fig. 1(d), namely
A ¼ 2
Z h
y¼0
uxðk; yÞdy: ð17Þ
Therefore, by replacing FðxÞ with F, Eq. (13) can be rewritten as
uy;y ¼ ð1 2v1ÞA4ð1 v1Þ 
1
2ð1 v1Þux;x:
Eq. (6) can be rewritten as
rx;x ¼ E12ð1 v1Þ ð2 v1Þux;x þ
v1A
2kh
 
: ð18Þ
By using the method of separation of variables, the general solu-
tion for the governing equation (11) is obtained as
Fig. 2. The parameter d changing the Young’s modulus ratio E0E1 at three FSTLT ratios.
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 
þ A2 cosh cxh
 h i
B1 sin
dy
h
 
þ B2 cos dyh
  
;
ð19Þ
where A1; A2; B1; and B2 are constants to be decided by the bound-
ary conditions, x and y are normalized by the thickness h. In
addition,
c ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
0:5 v1
1 v1
s
d: ð20Þ
Applying the symmetric boundary conditions of (2) and (3) in
Eq. (19), we obtain
ux ¼ B sinh cxh
 
cos
dy
h
 
: ð21Þ
Here are two independent parameters c or d and B to be determined
by interface boundary condition and fractured surface boundary
condition.
Along the interface, the compressive stress is transferred from
the fractured layer to the intact layer mainly through a shear
stress. Suhir (1986) ﬁrst proposed the concept of interfacial com-
pliance, in which the displacement ux is assumed to proportionally
change with the shear stress as:
uxðx; hÞ ¼ ksyxðx; hÞ; ð22Þ
where k denotes the interfacial compliance. Notice that in Fig. 1(d),
the displacement along the interface is negative, but the shearing
stress is positive, so that a minus sign is applied, which is different
from that in the literature with a different coordinate system (Yin
et al., 2008). Using the Ribière solution, Suhir (1991) has derived ex-
plicit expressions of k for two situations: the intact layer is thin-
and-narrow and the intact layer is thick-and-short (Suhir, 1986,
1991, 2000). However, Yin (2010a) found that in Suhir’s (1991) der-
ivation, the plane stress and plane strain assumptions are inconsis-
tently used. Using the plane strain assumption for the present case
of thick-and-short intact layer in Fig. 1(d), Yin (2010a) provided the
interfacial compliance as
k ¼ ð1þ v0Þð3 4v0Þk
E0ð1 V0Þp : ð23Þ
The substitution of Eqs. (21), (23) and (8) into (22) yields
d  tanðdÞ ¼ 2pE0ð1 v0Þð1þ v1Þh
E1ð3 4v0Þð1þ v0Þk : ð24Þ
Because tanðdÞ is a periodic function, the solution of the parameter
d can be multiple. Therefore, a series form of solution should be ob-
tained (Yin et al., 2007a). However, for simplicity, we only use one
solution of d in the range of (0,p/2). Once d is obtained, we can ob-
tain c through Eq. (20). Fig. 2 illustrates d changing with the ratio of
E0=E1 for k=h ¼ 0:5; 1; and 2. The Poisson’s ratios for both layers are
as v0 ¼ v1 ¼ 0:5. The trend of the curves shows that for
E0=E1 !1; d! p=2. For a higher k/h, a smaller d is obtained. When
E0=E1 ! 0, from Eq. (24), we can obtain d! 0.
At the end of the fractured layer, the normal stress satisﬁes
rxxðk; yÞ ¼ E1ð1 v21Þe0xx
: ð25Þ
A series form solution of cosine functions in Eq. (21) with d deter-
mined by Eq. (24) can approach the boundary condition of Eq.
(25) (Yin et al., 2007a). However, due to the assumption of Eq. (5),
a series form of functions satisfying the strong form boundary con-
dition in Eq. (25) still cannot guarantee an exact solution. For sim-
plicity, a weak form of the stress boundary condition is used, i.e. the
resultant normal force being equivalent to the total stress, namelyZ h
y¼0
rxxðk; yÞdy ¼ E1hð1 v21Þe0xx
: ð26Þ
The substitutions of Eq. (21) into Eq. (18) and Eq. (18) into Eq. (26)
provide
ð2 v1ÞBcd cosh
ck
h
 
sinðdÞ þ v1A
2k
¼ 2he0xx: ð27Þ
The substitution of Eq. (21) into (17) yields
A ¼ 2Bh
d
sinh
ck
h
 
sinðdÞ: ð28Þ
Inserting Eq. (28) into (27), we obtain
B ¼  2dke
0
xx
sinðdÞ ð2 v1Þ ckh cosh ckh
	 
þ v1 sinh ckh	 
  : ð29Þ
The superposition of solution (21) for the reduced problem in
Fig. 1(d) and the uniform strain ﬁeld in Fig. 1(c) provides a
closed-form elastic solution for the original problem in Fig. 1(b).
Then, the displacement and stress ﬁelds in Fig. 1(b) are written
ux ¼ e0xxx
2e0xxk sinh cxh
	 

cos dyh
 
ð2 v1Þ ckh cosh ckh
	 
þ v1 sinh ckh	 
 sinðdÞ ; ð30Þ
rxx ¼ E1ð2 v1Þe
0
xx
1 v21
ck
h
cosh ckh
	 
 cosh cxh	 
 cos dyh  dsinðdÞ
ð2 v1Þ ckh cosh ckh
	 
þ v1 sinh ckh	 
 ; ð31Þ
and
syx ¼ E1e
0
xx
1þ v1h
sinh cxh
	 

sin dyh
 
ð2 v1Þ ckh cosh ckh
	 
þ v1 sinh ckh	 
 sinðdÞ ; ð32Þ
with d and c given in Eqs. (24) and (20).
3. Energy release rate and fracture spacing
Consider the section with two opening-mode fractures at the
both ends in Fig. 1(b). When the external tensile loading increases
to a critical value at ecrxx, a new opening-mode fracture may nucleate
along the central line. Just before the fracture initiates, the normal
stress along the central line can be obtained from Eq. (31) as
Fig. 3. The fracture spacing development with the increase of the external tensile
loading for layered materials with different types of intact layers.
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cr
xx
ð1 v21Þ
ck
h
cosh ckh
	 
 dsinðdÞ cos dyh 
ð2 v1Þ ckh cosh ckh
	 
þ v1 sinh ckh	 
 ;
ð33Þ
and the shear stress is zero.
After the new fracture forms, the section is cracked into two
pieces, and the elastic ﬁelds in each piece can also be solved by
Eq. (30) with replacing k by k/2 in the new local coordinate system.
Notice that the center of each piece is also moving. Then we can
solve the fracture opening displacement as:
dð0; yÞ ¼ 2e
0
xxk sinh
ck
2h
	 

ð2 v1Þ ck2h cosh ck2h
	 
þ v1 sinh ck2h	 

d cos dyh
 
sinðdÞ : ð34Þ
To recover this crack opening displacement, the stress in Eq. (33)
has to be applied along the cracking surface. The energy released
by this fracture is the work done by the stress in Eq. (33) on the dis-
placement in Eq. (34) (Beuth, 1992). Thus, the energy release rate of
the fracture can be written as
G ¼ 1
2h
Z h
y¼0
rxxð0; yÞdð0; yÞdy: ð35Þ
By substituting Eqs. (33) and (34) into Eq. (35), the energy release
rate can be explicitly written as
G ¼ E1ð2 v1Þ e
cr
xx
	 
2
ð1 v21Þ
ck2
2h
sinh ck2h
	 

ð2 v1Þ ck2h cosh ck2h
	 
þ v1 sinh ck2h	 


2 cosh ckh
	 
 d sinðdÞ cosðdÞþd2
sin2ðdÞ
ð2 v1Þ ckh cosh ckh
	 
þ v1 sinh ckh	 
 : ð36Þ
For different materials, the failure criterions can be fairly di-
verse (Boresi and Schmidt, 2005). Fracture toughness has been
widely accepted as a material constant and used for fracture anal-
ysis. Once the fracture toughness of the fractured layer material is
provided as Ccr, we can use it to determine whether any new frac-
tures will be induced or not. If the energy release rate of a potential
fracture is equal to or higher than the fracture toughness, a new
fracture will nucleate. Therefore, the following criterion is used
to predict the fracture spacing changing with the external loading:
G 6 Ccr; ð37Þ
where G is given in Eq. (36).
Fig. 3 illustrates the normalized fracture spacing kh changing a
dimensionless parameter
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
E1ð2v1Þh
Ccrð1v21Þ
ecrxx
q
, which represents the re-
quired external tensile loading to form a new crack for the layered
material with a certain FSTLT ratio. Poisson’s ratios for two kinds of
layers are both taken as v0 ¼ v1 ¼ 0:25. For six types of intact lay-
ers with the Young’s modulus ratios as E0E1 ¼ 110 ; 13 ; 1; 3; 10 and 30,
respectively. With the increase of the external tensile loading, we
can observe the following features:
1. For stiffer intact layers, i.e. E0E1 > 1, when the external tensile
loading is small, no fracture initiates even if the FSTLT ratio
approaches to the inﬁnite, which will be discussed later.
2. When the external tensile loading increases to a certain value,
the ﬁrst fracture initiates. The stiffer the intact layers, the
higher critical tensile strain to generate the ﬁrst fracture. How-
ever, the fracture spacing rapidly decreases with the external
loading, which means that multiple fractures may form within
a small increase of the loading. In ﬁeld observation, some frac-
tures may simultaneously form with large fracture spacing.
3. When the external tensile loading keeps increasing, more frac-
tures will be induced. The fracture development in a layered
material with a stiffer intact layer is much faster than that witha more compliant intact layer. For stiffer intact layers, when the
fracture spacing k/h is in the range between 1 and 3, the
required external tensile loading for different types of intact
layer materials is very close, which means that, for a moder-
ately dense crack pattern, increasing the stiffness of intact layer
materials may not produce signiﬁcant effect on the fracture
behavior.
4. When the fracture spacing is very small, the required tensile
loading will be considerably large to produce a new fracture.
When the fracture spacing reaches a certain level, no opening-
mode fracture can be induced even when the tensile loading
approaches the inﬁnite.
Notice that Eq. (23) is based on the assumption of a thick-and-
short intact layer, so that the predictions for a higher k/h are not
accurate, which will be discussed in Section 4 for the critical thick-
ness. In actual situation of a layered material, the fracture spacing
cannot continuously change in the manner of the curves in Fig. 3.
Once a fracture initiates, the fracture spacing is reduced to nearly
the half. In the new section, the energy release rate is much re-
duced. A new fracture will not be induced until the external load-
ing increases to a level that the energy release rate reaches the
fracture toughness. When fractures just start to form, a small ten-
sile loading change may greatly affect the fracture development, so
that the actual fractures are very sensitive to any material deﬁcits
and the fracture spacing may be not very uniform. When fractures
become dense, a large tensile loading is required to produce a new
fracture, so the fracture spacing stably changes with the tensile
loading and forms a uniform pattern.
4. Results and discussion
4.1. Assumptions and limitations
The proposed model does not provide an exact solution. The
assumptions and approximations adopted may impose some limi-
tations on the application of the formulation. In summary, the fol-
lowing assumptions are used in the derivation:
 Because the displacement in y-direction is conﬁned, all the
points in the same plane perpendicular to yaxis are assumed
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fore, the governing equation of ux is obtained. Therefore, this
assumption imposes a limitation of this model that the thickness
and stiffness of the intact layers should be large enough to provide
the displacement constraint in y-direction. In addition, the equi-
librium in the y-direction cannot be exactly satisﬁed at each
point.
 To obtain an explicit, analytical solution for the governing equa-
tion, the boundary condition along the fracture surface is
approximated as a weak form boundary condition that the
resultant force is equal to the total stress. This assumption aids
to obtain a closed-form, simple solution without the loss of general-
ity. However, it makes the stress ﬁeld around the fracture sur-
face inaccurate. If needed, it can be justiﬁed by a series form
solution (Yin et al., 2007a).
 The parameters c and d are determined by the interfacial com-
pliance concept (Suhir, 1991) for thick-and-short layered mate-
rials. Therefore, the accuracy of this model will be limited by the
accuracy of the interfacial compliance used. Moreover, if the crack
spacing is fairly large, the interfacial compliance in Eq. (23) is
not applicable.
Due to the above assumptions, the singularity effect at the frac-
ture tip cannot be exactly illustrated, and the stress and strain dis-
tributions along the fractured surface cannot be accurately
obtained. Therefore, when the fracture distribution is very dense,
such as kh < 0:5, this solution may not be accurate. On the other
hand, although the thickness of the intact layers is assumed to be
inﬁnitely large, when the fracture distribution is too sparse and
fracture spacing is much larger than the thickness of the interact
layers, the assumption of thick-and-short sections is obviously
not realistic, so that the present model using the interfacial compli-
ance in Eq. (23) may not be accurate. Otherwise, the present model
can give a relatively accurate elastic ﬁeld in the middle range of the
section in Fig. 1(d). Because the proposed model provides a closed-
form solution of elastic ﬁeld, it can be easily used in structural de-
sign and failure analysis of layered materials.
4.2. Stress analysis
To verify the accuracy of the solution, it is compared with
numerical simulation results provided by Bai et al. (2000a). Distri-Fig. 4. The normal stress distribution of rxx along the central linebutions of normal stress rxx in y-direction at x ¼ 0 calculated
according to Eq. (33) are illustrated in Fig. 4. For comparison, the
materials constants in Bai et al. (2000a) are used as
E0 ¼ E1 ¼ 30 GPa; v0 ¼ v1 ¼ 0:25 and e0xxk ¼ 0:002. Three different
FSTLT ratios at k/h = 0.7, 1.0, and 1.3 are considered. Fig. 4 shows
that when the fracture spacing is high such as at k=h ¼ 1:3, the
stress across the thickness is tensile and the magnitude is high.
With the decrease of fracture spacing, the tensile stress is released
so that the magnitude decreases. When k=h ¼ 1, the normal stress
at the origin is almost zero. However, when k=h ¼ 0:7, the normal
stress at the origin becomes compressive; whereas the stress close
to the interface is still tensile. Bai et al. (2000a) also observed the
similar stress distributions from the FEM simulation results.
Notice that in the x-direction, because the weak form boundary
condition at the fracture surface is considered, the stress distribu-
tion of rxx cannot satisfy the free stress boundary condition, so that
it is not comparable with the FEM results. However, the average
stress of along the thickness, denoted by rxx, can be written with
the following form:
rxxðxÞ ¼ E1e
0
xxð2 v1Þck
1 v21
cosh ckh
	 
 cosh cxh	 

ð2 v1Þ ckh cosh ckh
	 
þ v1 sinh ckh	 
 ; ð38Þ
which satisﬁes the boundary condition as rxxðkÞ ¼ 0 and should be
comparable to the average stress obtained from FEM results (Yin
et al., 2005).
From Eq. (32), we can also obtain the shear stress along the
interface. Fig. 5 illustrates the stress distributions of syx for three
FSTLT ratios of k/h = 0.5, 1, and 2. Here the material constants in
Bai et al. (2000a) are still used. When the FSTLT ratio is smaller,
the interfacial shear stress linearly increases from zero at the cen-
ter to the maximum at the fracture tips. When the FSTLT is larger,
the interfacial shear stress close to the fracture tip is higher and the
distribution is no longer linear.4.3. Fracture analysis
Once the elastic ﬁeld is obtained, it can be used in various frac-
ture or failure criterions for characterizing different materials. For
example, the maximum principal stress criterion, the maximum
principal strain criterion, and the Mohr–Coulomb criterion (Tang
et al., 2008) are widely used for brittle materials; whereas thex ¼ 0 between two adjacent fractures at three FSTLT ratios.
Fig. 5. The shear stress distribution of syx along the interface y ¼ h between two adjacent fractures at three FSTLT ratios.
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materials (Boresi and Schmidt, 2005). Bai et al. (2000a) used the
maximum tensile stress at the middle point between two adjacent
fractures to determine the critical FSTLT ratio. The proposed model
uses the fracture energy criterion to predict the fracture initiation
and development with Eq. (37).
Provided the material constants for the material of each layer, if
the tensile loading is given, there exists a critical thickness of the
fracture layer, below which no fracture can initiate (Thouless
et al., 1992; Zhao et al., 2002). Eqs. (36) and (37) can predict the
critical thickness as follows: when k/h in Eq. (36) is very large,
Eq. (37) can be rewritten as
hcr ¼ ð1 v
2
1Þð1 0:5v1ÞCcr
E1 ecrxx
	 
2 c; ð39Þ
which means that when the thickness is less than hcr in Eq. (39), no
fracture can be induced. However, notice that Eq. (23) is obtained
based on thick-and-short layered materials and thus not applicableFig. 6. The critical thickness changinfor this speciﬁc situation. Here a thin-and-long strip should be con-
sidered. Although Yin (2010a) has pointed out an inconsistence of
Suhir’s derivation (1991), the following equation has been widely
used in the literature (Suhir, 1986, 1991, 2000):
k ¼ 2ð1þ v0ÞH
3E0
:
As a reference, using the above equation in Eq. (23), we obtain the
following equation:
d tanðdÞ ¼ 3E0ð1þ v1Þ
E1ð1þ v0Þ
h
H
:
Assuming hH ¼ 1=3 (Bai and Pollard, 2000a), we can obtain d and
then cwith the aid of Eq. (20). If c is given, from Eq. (39), the critical
thickness will be proportional to C
cr
E1 ecrxxð Þ2. Fig. 6 illustrates the nor-
malized critical thickness
E1 ecrxxð Þ2
Ccr h
cr changing with the Young’s mod-
ulus ratio of E0E1. Here v0 ¼ v1 ¼ 0:25 is used. With the increase of
E0
E1
,g with Young’s modulus ratio E0E1.
Fig. 7. The critical FSTLT ratio changing with Young’s modulus ratio E0E1 for the two failure criteria.
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constant E1, the change of the critical thickness is not signiﬁcant.
On the other hand, with the decrease of k/h in Eq. (36), there ex-
ists a critical FSTLT ratio, at which the energy release rate may
transit from positive to negative. Then, it is impossible to induce
a fracture no matter how large the external tensile loading is. We
can write the critical fracture spacing as the following equation:kcr
h
¼ 1
c
arcosh
d2 þ d sinðdÞ cosðdÞ
2 sin2ðdÞ
 !
: ð40Þ
Notice that Eq. (24) should be used to calculate d that also de-
pends on k/h, so that we cannot explicitly derive the critical FSTLT
ratio from the above equation. A numerical iteration method with
Eq. (40) should be used to obtain the critical FSTLT ratio. On the
other hand, Bai et al. (2000a) used the stress transition from tensile
to compressive at the origin point to determine the critical FSTLT
ratio. With extensive FEM simulation, they were able to determine
the critical FSTLT ratio changing with material constants and load-
ing conditions. Using their criterion, we can also obtain the critical
FSTLT ratio with the following form:kcr
h
¼ 1
c
arcosh
d
sinðdÞ
 
: ð41Þ
Fig. 7 illustrates the critical FSTLT ratio changing with the
Young’s modulus ratio of E0E1 predicted by Eqs. (40) and (41). Here
v0 ¼ v1 ¼ 0:25 is used. With the increase of E0E1, the critical FSTLT ra-
tio also increase. However, when E0E1 > 10, the change of the critical
FSTLT is not signiﬁcant. Obviously, Eq. (41) provides a much higher
prediction than Eq. (40) does. The reason is that when the stress at
the center reaches a compressive status, a large range of stress dis-
tribution along the central line x ¼ 0 still is in a tensile status,
which makes the fracture energy release rate of the opening-mode
fracture still high enough to drive a crack. Notice that the critical
FSTLT ratio predicted by Eq. (41) is in the range of 1–1.13, which
is consistent with the FEM simulation results (Bai et al., 2000a).
When the intact layers become stiffer, the critical fracture spacing
becomes larger. Because a stiffer intact layer will provide a stron-
ger support and constraint for the fractured layer, it is reasonable
to obtain larger critical fracture spacing.5. Conclusions
A 2D closed-form elastic solution for one section between two
adjacent fractures is derived under simpliﬁed boundary conditions
and the plane assumption. The proposed model successfully pre-
dicts the transition of the normal stress rxx at the center of the sec-
tion from tensile to compressive. Using the elastic solution, a
fracture energy based failure criterion is developed to predict the
fracture inﬁlling and saturation with the increase of external ten-
sile loading. Given a loading condition, the critical thickness of
the fractured layer is solved, below which no fracture may be in-
duced. When FSTLT ratio reduces to a critical value, no more frac-
ture can be induced no matter how large the external tensile
loading is. The explicit expressions of the critical thickness and
FSTLT are convenient for structural design and fracture analysis.
This formulation can be extended to layered materials with fric-
tional interface and for different fracture/failure criterions. The
assumptions and limitations of this explorative model are dis-
cussed and analyzed. Future research efforts are emphasized on
releasing some of these assumptions and combining this model
with numerical simulation to improve its performance.
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